We compute the leading four physical terms in the low-energy expansions of heavy-light quark current correlators at four-loop order. As a by-product we reproduce the corresponding top-induced non-singlet correction to the electroweak ρ parameter.
Introduction
Two-point correlation functions of heavy-light quark currents have found use in a number of phenomenological applications. One example is the prediction of corrections to the electroweak ρ parameter [1, 2, 3] , where the flavour non-diagonal correlator of vector currents is required for vanishing external momentum. Another important class of applications is the sum-rule determination of meson decay constants (see e.g. [4, 5] ). Here, the absorptive part of the respective correlators above the production threshold is needed.
Progress in lattice simulation may allow precise determinations of even more QCD parameters. For instance, the values of the strong coupling constant, the charm quark mass and the bottom quark mass have been determined with high accuracy from moments of heavy-heavy correlators in [6, 7] . In these analyses, moments of flavour diagonal currents have been determined on the lattice choosing a frame where the spatial momentum of the correlators vanishes.
The values of the quark masses and the coupling constant are then extracted by equating these moments to their counterparts calculated in perturbation theory at the four-loop order [8, 9, 10, 11, 12, 13, 14] .
The methodology is thus similar to traditional quarkonium sum rules [15, 16, 17] , but using lattice moments in place of moments of the experimentally measured hadronic R ratio. While for the sum rules only the correlator of vector currents can be used, there is no such restriction for the lattice simulation. In fact, in [6] different Lorentz structures were considered, with the most precise results stemming from pseudoscalar currents. Furthermore, also correlators of heavy-light currents could be used to extract the values of the charm and bottom quark masses and possibly the strong coupling constant [18] . To be competitive with the analyses for the heavy-heavy case the corrections to the perturbative moments of the heavy-light current correlators have to be known up to four loops. These corrections are presented in this work.
Given their usefulness, perturbative corrections to heavy-light correlators have been studied quite intensively and analytic results up to two loops have been known for many years [19, 20] . While the three-loop correction is not known analytically, many terms in expansions in both the low-energy and the high-energy limit have been calculated in [21, 22, 23] . Combining these with the behaviour near threshold, accurate approximations for arbitrary kinematics have been constructed [21, 22] . In the low-energy region also corrections due to a non-vanishing light quark mass are known [24, 25] .
The four-loop corrections remain mostly unknown. In the high-energy region the leading term is equal to the non-singlet part of the corresponding diagonal correlator, which has been computed for both scalar and vector currents [26, 27, 28] . In the low-energy region, conversely, there is no such simple correspondence between diagonal and non-diagonal correlators. The vector correlator in the limit of vanishing external momentum constitutes a central ingredient in the determination of non-singlet four-loop corrections to the ρ parameter, which have been calculated in [2, 3] .
In this work we present the four-loop corrections to the low-energy expansions of both scalar and vector heavy-light quark current correlators up to the eighth power of the external momentum. After introducing our conventions in section 2, we briefly describe the calculational setup and present our results in section 3. Section 4 describes the re-calculation of the top-induced contributions to the electroweak ρ parameter, which constitutes an important consistency check. We conclude in section 5.
Conventions
The correlators of heavy-light vector and scalar currents are defined as
with the vector current j µ (x) =ψ(x)γ µ χ(0) and the scalar current j(x) = ψ(x)χ(0). We consider a heavy quark ψ with the pole mass m and a massless light quark χ. It should be noted that in the limit of a vanishing light-quark mass the correlators of two axial-vector or pseudo-scalar currents coincide with the vector and scalar correlators, respectively. It is convenient to introduce polarisation functions
In the following we will not consider the longitudinal polarisation Π v L (q 2 ). The perturbative expansions of Π δ (q 2 ) with δ = v, s up to four loops read
(5) Being interested in the limit q 2 → 0, we can expand the coefficients in the above series as
where we have used the abbreviations z = q 2 /m 2 ,z = q 2 /m 2 withm denoting the mass of the heavy quark in the MS scheme. Note that the coefficients with n = −1, 0 still contain poles in the limit ǫ = (4 − d)/2 → 0. In physical observables these have to be cancelled by the wave-function and mass renormalisations of the particles (e.g. W bosons) coupling to the respective current. In the following we will describe the calculation of the coefficients C δ,(3) n ,C δ,(3) n for n ≤ 4.
Calculation and results
First, the four-loop diagrams contributing to the polarisation functions are generated with QGRAF [29] . In the following steps we perform several algebraic manipulations with the help of TFORM [30, 31] . As a first simplification, we apply partial fractioning to denominators that differ only by their mass and the external momentum q, i.e. we use
Since we will perform an expansion in q the prefactor on the right-hand side has no influence on the tadpole topology of the considered diagram. Performing partial fractioning before the identification of the diagram topologies greatly reduces both the number and the complexity of the topologies that have to be considered. Using the algorithm described in Appendix A we map the resulting diagrams onto 28 topologies.
Next, colour factors are calculated using the FORM [30] package color [32] . We choose a routing for the external momentum q which minimizes the number of propagators depending on q. After this we evaluate the traces over gamma matrices and perform a Taylor expansion in q. The scalar integrals we obtain after tensor reduction and the elimination of reducible scalar products are reduced to master integrals using a private implementation 1 [35] of Laporta's algorithm [36] . All required master integrals are known analytically or numerically [37, 38, 39] .
For the presentation of our results we impose the overall renormalisation condition Π v (0) = Π s (0) = 0. The corresponding divergent subtraction terms are listed in Appendix B. For the remaining coefficients according to equation (6) we obtain
The implementation is written in C++ and uses GiNaC [33] and fermat [34] . 2 The moments are presented in a form that yields five significant digits for QCD with n l ≤ 5 light flavours. All results are attached in electronic form as ancillary files to this preprint.
where we have set the renormalisation scale µ to the on-shell mass m. We follow the usual convention for the colour factors with C A = 3, C F = 4/3, T f = 1/2 for QCD. The number of light (massless) quark flavours is denoted by n l , whereas n h stands for the number of heavy flavours.
If we choose to express the polarisation functions in terms of the MS mass m at the scale µ =m and α s (m), we arrive at
The ρ parameter
To verify the correctness of our calculation we have performed a number of cross checks. Obviously, our results are UV-finite. We have also performed an expansion up to linear order in the gauge parameter and verified that the gauge dependence cancels in the coefficientsC
. The strongest check, however, is the comparison to the known four-loop non-singlet corrections to the ρ parameter [2, 3] .
The electroweak ρ parameter has been introduced in Ref. [40] . Considering only QCD corrections it can be written as
with
where Π ZZ (0) and Π W W (0) denote the self energies of Z and W boson, respectively. In order to calculate the contribution from the Z-boson self energy to the ρ parameter we also need the leading moment of the flavour diagonal correlator. To this end we introduce Π a diag (q 2 ) similar to Eq. (1) but with the heavy-heavy axial currentj
and the moments
In what follows we will only consider the top-induced four-loop correction to ρ, corresponding to ρ 3 in the expansion
The corresponding corrections to the Z and W self energies then read
and Π
where the higher-order corrections Π
ZZ , Π
W W are defined in analogy to equation (5). C L,−1,diag denote the moments with n = −1 of the respective longitudinal polarisation functions; from an explicit calculation we obtain
Note that in the non-diagonal case the vector and axial-vector correlators conincide and that the (−1)-th moment of the diagonal vector correlator vanishes. The contributions from W-and Z-boson self energies are divergent on their own and only their sum is finite. The singlet terms calculated in Ref. [1] are finite on their own and we do not repeat them here. Using the results given in Appendix B we obtain in the MS schemē
and after converting to the on-shell scheme
in full agreement with the results in the literature [2, 3] .
Conclusion
We have calculated the four-loop QCD corrections to the low-energy moments of flavour non-diagonal current correlators up to n = 4. Our results are valid for (axial-)vector and (pseudo-)scalar currents in the limit of a vanishing light-quark mass. As a by-product we have confirmed the results for the non-singlet correction to the electroweak ρ parameter first obtained in [2, 3] . In combination with lattice simulations, our results can be used for the precision determination of heavy-quark masses. Furthermore, they can serve as an ingredient in the approximate reconstruction of the four-loop corrections for arbitrary external momenta. For the latter application, however, more input from other kinematic regions is still required.
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Appendix A. Symmetrisation
The closely related problems of symmetrisation and mapping diagrams to topologies are ubiquitous in multiloop calculations. Commonly used algorithms employ either the diagrams' parametric representations [41] or representations as graphs. To avoid cumbersome transformations, we choose to work with the original algebraic form obtained directly from the Feynman rules.
A general L-loop scalar diagram I with P propagators has the form As far as identifying the topology of an integral is concerned the algorithm terminates as soon as step 4 is completed successfully. For symmetrisation we would skip step 1 and always go back from step 4 to step 3 in order to find all automorphisms.
Appendix B. Subtraction terms
Since the leading coefficients with n = −1, 0 in equation (6) still depend on the dimensional regulator ǫ = (4 − d)/2, we first have to specify our renormalisation prescriptions in d dimensions in order to give meaningful expressions.
Our d-dimensional integration measure is given by
where γ E ≈ 0.5772157 is the Euler-Mascheroni constant. The counterterms in the MS scheme are now defined such that they exactly cancel the poles in ǫ.
For the sake of simplicity, we refrain from defining on-shell renormalisation and present the divergent coefficients in terms of the MS quark mass. Writinḡ
we obtain for µ =m c v,(3) we require the corresponding coefficientC a,(3) −1,diag in the low-energy expansion of the flavour diagonal axial-vector correlator in order to compute the correction to the ρ parameter. Since the pole parts of these two coefficients have to cancel, we can decompose the latter coefficient asC 
